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ON GRAPHIC SPLITTING OF REGULAR MATROIDS
GANESH MUNDHE1 AND K. V. DALVI2
Abstract. Raghunathan at al. [9] introduced splitting operation with respect to a pair of
element for binary matroid and characterized Eulerian binary matroids using it. In general,
the splitting operation does not preserve the graphicness property of the given matroids.
Shikare and Waphare [10] obtained the characterization for the class of graphic matroids
which yield graphic matroids under the splitting operation with respect to a pair of elements.
We study the effect of the splitting operation on regular matroids and characterize the class
of regular matroids which yield graphic matroids under the splitting operation. We also
provide an alternate and short proof to two of the known results.
Keywords: Binary matroid, splitting, forbidden-minor, graphic, regular
Mathematics Subject Classification (2010): 05B35; 05C50; 05C83
1. Introduction
For undefined notions and terminology, we refer to Oxley [8]. Fleischner [5] introduced
the splitting operation with respect to a pair of edges of graphs. Using this operation, he
characterized Eulerian graphs and gave an algorithm to find all Eulerian trails in an Eulerian
graph. Fleischner [5] defined the splitting operation as follows.
Definition 1.1. [5] Let G be a connected graph and let v be a vertex of degree at least three
in G. If x = vv1 and y = vv2 are two edges incident at v, then splitting away the pair {x, y}
from v results in a new graph Gx,y obtained from G by deleting the edges x, y and adding a
new vertex vx,y adjacent to v1 and v2. The transition from G to Gx,y is called the splitting
operation on the graph G with respect to x and y.
As an extension of the splitting operation to binary matroids, Raghunathan, Shikare and
Waphare [9] defined the splitting operation for binary matroids with respect to a pair of
elements as follows.
Definition 1.2. [9] Let M be a binary matroid with standard matrix representation A over
the field GF (2) and let {x, y} ⊂ E(M). Let Ax,y be the matrix obtained by adjoining one
extra row to the matrix A whose entries are 1 in the columns labeled by the elements x and y
and zero otherwise. The vector matroid of the matrix Ax,y, denoted by Mx,y, is called as the
splitting matroid of M with respect to x and y, and the transition from M to Mx,y is called
as the splitting operation with respect to x and y.
In general, the splitting operation may not preserve some properties of the given matroid;
see [1, 2, 3, 4, 10]. It is an interesting to check that when the graphic matroids remain graphic
under the splitting operation. Some research in this direction is already came into lights.
In [10], forbidden-minor characterization for the class of graphic matroids whose splitting
matroids are graphic is obtained. In fact, they proved the following result about the graphic
splitting of graphic matroids.
1
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Theorem 1.3. [10] The splitting operation, by any pair of elements, on a graphic matroid
M is graphic if and only if M has no minor isomorphic to any of the circuit matroids
M(G1),M(G2),M(G3) and M(G4), where G1, G2, G3 and G4 are the graphs as shown in
Figure 1.
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We observe that M(G1) is a minor of M(G4). Therefore there are only three forbidden-
minors M(G1), M(G2) and M(G3) for the class of graphic matroids which yield graphic
matroids under the splitting operation.
Borse et al. [3] obtained the following characterization for the class of cographic matroids
which give cographic matroids.
Theorem 1.4. [3] The splitting operation, by any pair of elements, on a cographic matroid
M is cographic if and only if M has no minor isomorphic to any of the circuit matroids
M(G1) and M(G2), where G1 and G2 are the graphs as shown in Figure 1.
Similar characterization is obtained by Borse et al. [4], they characterized graphic ma-
troids which yield cographic matroids under the splitting operation with respect to a pair
of elements. Naiyer [7] obtained such a characterization of the class of cographic matroids
which yield graphic matroids.
In this paper, we characterize regular matroids which yield graphic matroids under the
splitting operation with respect to a pair of elements. Further, we give alternate shorter
proofs to two known results about getting cographic (graphic) splitting matroids from regular
(cographic) matroids with respect to a pair of elements.
In the next section, we provide a shorter and alternate proof of a known result about
a characterization of cographic matroids giving graphic splitting matroids with respect to
a pair of elements. In Section 3, we characterize regular matroids which yield graphic (or
cographic) matroids under the splitting operation with respect to a pair of elements.
2. Graphic or Cographic Splitting
In this section, we discuss a forbidden-minor characterization for class of graphic (co-
graphic) matroids which yield cographic (graphic) matroids under the splitting operation
with respect to a pair of elements. There are some obvious forbidden-minors for these
classes. Naiyer [7] obtained a characterization of the class of cographic matroids which yield
graphic matroids under the splitting with respect to a pair of elements. We give an alternate
short proof of this result.
We use the following results.
Theorem 2.1. [8]. A binary matroid is regular if and only if it has no minor isomorphic to
F7 or F
∗
7
.
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Theorem 2.2. [8] A binary matroid is graphic if and only if it has no minor isomorphic to
F7, F
∗
7
, M∗(K3,3) or M
∗(K5).
Theorem 2.3. [8] A binary matroid is cographic if and only if it has no minor isomorphic
to F7, F
∗
7
, M(K3,3) or M(K5).
First, we discuss some trivial forbidden-minors for the class of graphic (cographic) matroids
which yield cographic (graphic) matroids under the splitting operation with respect to a pair
of elements. SupposeM is a binary matroid and let x and y be elements ofM. The following
statements follow from the definition of the splitting matroid Mx,y.
(i) If x or y is a coloop of M , then both x and y are coloops of Mx,y;
(ii) If none of x and y is a coloop of M , then {x, y} is a 2-cocircuit of Mx,y;
(iii) If {x, y} is a 2-cocircuit of M , then Mx,y = M.
Using the above observations, we introduce the following notation.
Notation: Given a binary matroid M , let M˜ be the collection of binary matroids N
containing a pair of elements x and y satisfying one of the following conditions.
(1) N\{x, y} = M ;
(2) {x, y} is a 2-cocircuit of N and N/x =M ;
(3) {x, y} is a 2-cocircuit of N and N/{x, y} = M.
Therefore if N ∈ M˜ , then N\{x, y} = M or N/x = M or N/{x, y} = M for some
x, y ∈ E(N).
In the following result, we prove that the splitting with respect to some pair of elements
of any matroid beloging to the class F˜ contains a minor F .
Lemma 2.4. LetM be a binary matroid containing a minor belonging to the class F˜ for some
matroid F . Then the splitting matroid Mx,y contains F as a minor for some x, y ∈ E(M).
Proof. Suppose M contains a minor N belonging to the class F˜ . Then there exists T1, T2 ⊂
E(M) such that M\T1/T2 = N .
(i) Suppose N is a coextension of F by an element x of F , so that {x, y} is a 2-cocircuit
of N for some y ∈ E(F ) or N is coextension of F by two elements x, y such that {x, y} is a
2-cocircuit of N . Then |{x, y} ∩ (T1 ∪ T2)| = φ and Nx,y = N . Also, it is easy to see that
Mx,y\T1/T2 = (M\T1/T2)x,y = Nx,y = N . Therefore Mx,y contains F as a minor.
(ii) Suppose N is an extension of F by two elements, say x and y. Then N\{x, y} ∼= F .
Also, Mx,y\T1/T2\{x, y} = Nx,y\{x, y} = N\{x, y} = F . Therefore Mx,y contains F as a
minor. 
By Theorem 2.3, a graphic matroid M is not cographic if it contains M(K5) or M(K3,3).
Hence by Lemma 2.4, the members of the classes M˜(K5) and M˜(K3,3) are the forbidden-
minors for the class of graphic matroids which yield cographic matroids under the splitting
operation with respect to a pair of elements. Similarly, the classes M˜∗(K5) and M˜
∗(K3,3)
contain matroids which are the forbidden-minors for the class of cographic matroids which
yield graphic matroids under the splitting operation with respect to a pair of elements.
SupposeM is graphic andMx,y is not cographic for some x, y ∈ E(M). Then the following
lemma proves that M contains a special type of minor.
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Lemma 2.5. Let M be a graphic matroid. If Mx,y is not cographic for some x, y ∈ E(M),
then one of the following holds.
(1) There is a minor N of M such that N ∈ M˜(K5) or N ∈ M˜(K3,3).
(2) There is a minor N of M containing x and y and avoiding 2-cocircuit such that
Nx,y/x ∼= F or Nx,y/{x, y} ∼= F for some F ∈ {F7, F
∗
7
,M(K5),M(K3,3)}.
Proof. Let F ∈ {F7, F
∗
7
,M(K5),M(K3,3)}. Therefore F is a 3-connected matroid. Assume
that Mx,y is not cographic. Then, by Theorem 2.3, Mx,y has a minor isomorphic to F.
Therefore Mx,y\T1/T2 ∼= F for some T1, T2 ⊂ E(M). Let T
′
i = {x, y} ∩ Ti and T
′′
i = Ti − T
′
i
for i = 1, 2. Then T ′i is a subset of {x, y} while T
′′
i is disjoint from {x, y}. ThenMx,y\T
′′
1
/T ′′
2
=
(M\T ′′
1
/T ′′
2
)x,y. Let N = M\T
′′
1
/T ′′
2
. Then N is a minor of M containing {x, y} such that
F ∼= Mx,y\T1/T2 = Nx,y\T
′
1
/T ′
2
. Since N is a minor of the graphic matroid M , N is also
graphic.
Suppose |T ′
2
| = φ. Then F ∼= Nx,y\T
′
1
. If |T ′
1
| = φ, then Nx,y ∼= F . Since {x, y} contains a
cocircuit of Nx,y, but F does not contain a loop or a 2-cocircuit, we get a contradiction. If
|T ′
1
| = 1, say T ′
1
= {x}, then y is a coloop of Nx,y\T
′
1
and Nx,y\x ∼= F , again a contradiction.
Hence |T ′
1
| = 2. Then T ′
1
= {x, y} and Nx,y\T
′
1
= Nx,y\{x, y} = N\{x, y} ∼= F . In this case,
N is an extension of F by {x, y}. SinceM is graphic, F 6= F7 or F 6= F
∗
7
. Hence F =M(K5)
or M(K3,3). Therefore N ∈ M˜(K5) or N ∈ M˜(K3,3).
Suppose |T ′
1
| = φ. Then T ′
2
6= ∅ and Nx,y/T
′
2
∼= F . If T ′2 = {x, y}, then Nx,y/{x, y}
∼= F .
Suppoe |T ′
2
| = 1. Then T ′
2
= {x} or T ′
2
= {y}. Since {x, y} is a 2-cocircuit of N or both x
and y are coloops of N , we have Nx,y/x ∼= Nx,y/y. Hence we may assume that T
′
2
= {x} and
so Nx,y/x ∼= F .
Now, we prove that if Nx,y/x ∼= F or Nx,y/{x, y} ∼= F , then N does not contain a 2-
cocircuit. On the contrary, assume that {x1, x2} is a cocircuit of N . Then {x1, x2} is a
cocircuit of Nx,y. If {x, y} ∩ {x1, x2} = ∅ then Nx,y\T
′
1
/T ′
2
contains {x1, x2} as a cocircuit,
a contradiction to the fact that F does not contain 2-cocircuit. Assume that |{x, y} ∩
{x1, x2}| = 1. Suppose x = x1. Therefore Nx,y/x1 = Nx,y/x2. In this case, we can replace N
by N/x2. Hence {x1, x2} = {x, y}. Then Nx,y = N and so N ≇ F . Therefore F ∼= Nx,y/x =
N/x or F ∼= Nx,y/{x, y} = N/{x, y}. Hence N contains a minor belonging to the class
M˜(K5) or M˜(K3,3). 
Similarly, if M is a cographic matroid such thatMx,y is not graphic for some x, y ∈ E(M),
then M contains a special type of minor.
Lemma 2.6. Let M be a cographic matroid. If Mx,y is not graphic for some x, y ∈ E(M),
then one of the following holds.
(1) There is a minor N of M such that N ∈ M˜∗(K5) or N ∈ M˜
∗(K3,3).
(2) There is a minor N of M containing x and y and avoiding 2-cocircuit such that
Nx,y/x ∼= F or Nx,y/{x, y} ∼= F for some F ∈ {F7, F
∗
7
,M∗(K5),M
∗(K3,3)}.
The minor N of M in condition (1) of Lemma 2.5 and Lemma 2.6 are trivial minor.
Therefore, we avoid such trivial forbidden-minors for the class of graphic(cographic) matroids
M whose splitting matroids Mx,y are cographic(graphic).
Borse et al.[4] characterized graphic matroids whose splitting matroids are cographic by
assuming condition (2) of Lemma 2.5.
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Theorem 2.7. [4] Let M be a graphic matroid without containing a minor belonging to the
class N˜ , where N ∈ {M(K5),M(K3,3)}. Then Mx,y is cographic for any x, y ∈ E(M) if
and only if M has no minor isomorphic to any of the circuit matroids M(G1), M(G2) and
M(G5), where G1, G2 and G5 are the graphs as shown in Figure 1.
Naiyer [7] characterized cographic matroids which give graphic splitting matroids with
respect to a pair of elements in the following theorem by assuming condition (2) of Lemma
2.6.
Theorem 2.8. [7] Let M be a cographic matroid without containing a minor belonging to
the class N˜ , where N ∈ {M∗(K5),M
∗(K3,3)}. Then Mx,y is graphic for any x, y ∈ E(M) if
and only if M has no minor isomorphic to any of the circuit matroids M(G1) and M(G2),
where G1 and G2 are the graphs as shown in Figure 1.
We observe that the above theorem follows easily from the known result as stated in
Theorem 1.3. Thus, we give a very short alternate proof of the above theorem as follows.
Proof of Theorem 2.8. Let M be a cographic matroid. Suppose M contains a minor
isomorphic to M(G1) or M(G2). Then, by Theorem 1.3, Mx,y is not graphic for some x and
y of E(M).
Conversely, supposeM does not contain a minor isomorphic to any of the matroidsM(G1)
and M(G2). Assume that M is not graphic. Then, by Theorem 2.3, M contains M
∗(K5) or
M∗(K3,3) as a minor.
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Let G6 and G7 be the graphs as shown in Figure 2. Then M(G6) and M(G7) are the
minors of M(K3,3) and M(K5), respectively. Hence M
∗(G6) and M
∗(G7) are the minors
of M∗(K3,3) and M
∗(K5), respectively. One can easily check that M
∗(G6) = M(G1) and
M∗(G7) = M(G2). Therefore M contains a minor isomorphic to M(G1) or M(G2), a
contradiction. Thus, M is graphic and cographic. Hence M does not contain M(K5) as a
minor. Note that M(G3) = M(K5), where G3 is the graph as shown in Figure 1. Therefore,
by Theorem 1.3, Mx,y is graphic. 
3. Splitting of Regular Matroids
In this section, we characterize the class of regular matroids which yield graphic matroids
under the splitting with respect to a pair. Naiyer et al. [6] obtained a characterization of the
class of regular matroids which yield cographic matroids under the splitting operation with
respect to a pair of elements. We provide an alternate and very short proof of this result.
We need the following well known result about regular matroids.
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Theorem 3.1. [8] Every regular matroid M can be constructed by means of direct sums,
2-sums and 3-sums starting with matroids each of which is isomorphic to a minor of M , and
each of which is either graphic, cographic, or isomorphic to R10.
Observation: We prove below that the circuit matroid M(G1) is a minor of the matroid
R10, where G1 is the graph as shown in Figure 1.
Let A be the standard matrix representation of R10. Then
A =


1 2 3 4 5 6 7 8 9 10
1 0 0 0 0 1 1 0 0 1
0 1 0 0 0 1 1 1 0 0
0 0 1 0 0 0 1 1 1 0
0 0 0 1 0 0 0 1 1 1
0 0 0 0 1 1 0 0 1 1


.
Let T = {4, 5}. Then the standard matrix representation of R10/{4, 5} is as follows
B =


1 2 3 6 7 8 9 10
1 0 0 1 1 0 0 1
0 1 0 1 1 1 0 0
0 0 1 0 1 1 1 0

.
It is easy to check that the standard matrix representation of M(G1) is B. Therefore M(G1)
is a minor of regular matroid R10.
By using the above observation, we obtain a characterization of the class of regular ma-
troids which yield graphic matroids under the splitting operation with respect to a pair of
elements as follows.
Theorem 3.2. Let M be a regular matroid without containing a minor belonging to the class
N˜ , where N ∈ {M∗(K5),M
∗(K3,3)}. Then the splitting matroid of M with respect to any
pair of elements is graphic if and only if M does not contain a minor isomorphic to any
of the matroids M(G1), M(G2) and M(K5), where G1 and G2 are the graphs as shown in
Figure 1 and K5 is the complete graph on 5 vertices.
Proof. Note that M(G3) = M(K5), where G3 is the graph as shown in Figure 1. Suppose
M contains a minor isomorphic to M(G1), M(G2) or M(K5). Then, by Theorem 1.3, the
splitting matroid Mx,y is not graphic for some x, y ∈ E(M).
Conversely, suppose M does not contain any of the matroids M(G1), M(G2) and M(K5)
as a minor. We prove that Mx,y is graphic for any x and y. Since M is a regular matroid, by
Theorem 3.1, M is graphic or cographic or contains R10 as a minor. Suppose R10 is a minor
of M . As observed before R10 contains M(G1) as a minor. Hence M(G1) is a minor of M , a
contradiction. Therefore M is graphic or cographic. If M is graphic then, by Theorem 1.3,
Mx,y is graphic. Also, if M is cographic, then, by Theorem 2.8, Mx,y is graphic. Therefore
Mx,y is graphic for any x, y ∈ E(M). 
Naiyer et al. [6] obtained the forbidden-minors for the class of regular matroids M whose
splitting matroids Mx,y are cographic by assuming condition (2) of Lemmas 2.5 and 2.6 as
follows.
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Theorem 3.3. [6] Let M be a regular matroid without containing a minor belonging to the
class N˜ , where N ∈ {M(K5),M(K3,3)}. Then Mx,y is cographic for any x, y ∈ E(M) if
and only if M has no minor isomorphic to any of the matroids M(G1), M(G2) and M [A1],
where G1 and G2 are the graphs in Figure 1 and A1 is the following matrix.
A1 =


1 0 0 0 0 1 1 0 0 1 0
0 1 0 0 0 1 1 1 0 0 0
0 0 1 0 0 0 1 1 1 0 0
0 0 0 1 0 0 0 1 1 1 0
0 0 0 0 1 1 0 0 1 1 0
0 0 0 0 0 0 0 0 0 0 1


.
The class of graphic matroids is a subclass of the class of regular matroids. By Theorem 2.7,
M(G1), M(G2) and M(G3) are the forbidden-minors for the class of graphic matroids which
yield cographic matroids under the splitting operation with repsect to a pair of elements.
Therefore M(G3) is also the forbidden-minor for the class of regular matroids which yield
cographic matroids under the splitting operation with respect to a pair of elements. However,
M(G3) is missing in Theorem 3.3. Further, the vector matroidM [A1] of A1 contains a minor
R10 and R10 contains M(G1) as a minor. Therefore M [A1] is redundant in Theorem 3.3 and
so can be dropped.
In light of this discussion, we restate Theorem 3.3 with appropriate modifications and
prove it with a very short proof.
Theorem 3.4. Let M be a regular matroid without containing a minor belonging to the class
N˜ , where N ∈ {M(K5),M(K3,3)}. Then, Mx,y is cographic for any x, y ∈ E(M) if and only
if M has no minor isomorphic to any of the matroids M(G1), M(G2) and M(G3), where
G1, G2 and G3 are the graphs as shown in Figure 1.
Proof. Suppose M contains a minor isomorphic to one of the matroids M(G1), M(G2) and
M(G3). Then, by Theorem 2.7, Mx,y is not cographic for some pair x, y of elements of M .
Conversely, suppose M is a regular matroid without containing a minor isomorphic to any
of the matroids M(G1), M(G2) and M(G3). By Theorem 3.1, M is graphic or cographic or
contains R10 as a minor. Since R10 contains M(G1) as a minor, M avoids R10 as a minor.
Therefore M is graphic or cographic. Suppose M is a graphic matroid. Then, by Theorem
2.7, Mx,y is cographic for any x and y of E(M). If M is a cographic matroid, then, by
Theorem 1.4, Mx,y is cographic for any x, y ∈ E(M). 
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